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Semi-Poisson statistics and beyond

H. Hernández-Saldan˜a,* J. Flores,* ,† and T. H. Seligman
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Cuernavaca, Me´xico
~Received 16 February 1999!

Semi-Poisson statistics are shown to be obtained by removing every other number from a random sequence.
Retaining every (r 11)th level we obtain a family of sequences, which we call daisy models. Their statistical
properties coincide with those of Bogomolny’s nearest-neighbor interaction Coulomb gas if the inverse tem-
perature coincides with the integerr. In particular, the caser 52 reproduces closely the statistics of quasiop-
timal solutions of the traveling salesman problem.@S1063-651X~99!09307-1#

PACS number~s!: 05.45.2a, 03.65.Sq, 05.40.2a
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The transition from order to chaos in a classical system
generically reflected by a transition in spectral statistics
the corresponding quantum system from Poisson to Gaus
orthogonal ensemble~GOE! statistics. Such a transition wa
first considered by Porter and Rosenzweig@1# in a model that
features a parameter that depresses the off-diagonal elem
of a GOE until they are zero and we have Poisson statis
This model is amenable to analytical treatment@2#, but does
not reflect the properties of dynamical systems very w
Band matrices were introduced later@3# and have been quite
successful in the description of many situations@4#. A semi-
classical ansatz by Berry and Robnik@5# was shown to work
very well if applied to the long-range behavior of the tw
point function@6#.

More recently, a different kind of transitional behavi
was discovered near delocalization transitions@7# and in
pseudointegrable systems@8,9#; it is commonly known as
semi-Poisson statistics. Bogomolny, Gerland, and Schmit
veloped a level dynamics for this type of spectra by limiti
the usual one-dimensional~1D! Coulomb gas model to
nearest-neighbor interactions and considering an inv
temperatureb51 @8#. They also pointed out that the neare
neighbor spacing distribution can be reproduced by an in
polation procedure in a Poisson spectrum@8,9#.

The first purpose of the present paper is to show that
statistics of a semi-Poisson spectrum are reproduced ex
by a model where every other level is dropped from a Po
son spectrum. The idea for such a model derives from w
known results that relate the superposition of two GOEs
Gaussian unitary ensemble~GUE! or one GOE to a Gaussia
symplectic ensemble~GSE! by the same procedure. We sha
term such modelsdaisy models~recalling the famous ‘‘she
loves me, she loves me not,’’ retaining only the love!. As in
the above cases a dynamical link is not established. Ra
we calculate properties of the spectra and find that they
incide. This is certainly no dynamical explanation of t
properties of the physical systems that display semi-Pois
statistics, but neither is any of the level-dynamics mod
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The main advantage is that it is a simple model for which
is very easy to compute any statistic.

It is further interesting to note that this procedure does
only yield one new type of statistical spectra but rather
entire family of daisy models of rankr, wherer is the num-
ber of levels dropped between each retained level. Their
tistical properties can be easily calculated for anyr. As we
shall see, the dependence on rank is exactly the same a
the inverse temperatureb in the nearest-neighbor interactio
Coulomb gas. Thus we find that all integer values of t
parameter correspond to a daisy model.

No link of such statistical spectra to quantized dynami
systems is known forr .1, but the caser 52 displays sur-
prising similarity to the statistical distribution of distance
between cities along a quasioptimal path of the travel
salesman problem@10#. It may be worthwhile to note the
relation of this problem to spin glasses@11#, though we shall
not discuss this aspect.

The semi-Poisson spectra display a nearest-neighbor s
ing distribution,

P~s!54s exp~22s!, ~1!

and a long-range behavior of the two-point function defin
by a number variance,

S2~L !5L/2. ~2!

The nearest-neighbor interaction 1D Coulomb gas mo
is defined as follows: We haveN12 particles with positions
xj in an interval of sizeL with the interaction

V~x0 ,x1 ,x2 ,...,xN11!52(
i

ln~xi2xi 21! ~3!

and the condition 05x0,x1,¯,xN,xN115L. This
model has the followingnth-neighbor spacing distribution
for inverse temperatureb:

P~n,s!5
~b11!~b11!n

G~@b11#n!
s~b11!n21 exp@2~b11!s#. ~4!

In particular for b51 and n51 we obtain the nearest
neighbor distribution for the semi-Poisson@Eq. ~1!#.
449 ©1999 The American Physical Society
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For the daisy model of orderr as defined above we obtai
the nth-neighbor spacing distribution by rescaling ther
11) nth-neighbor distribution of a random sequence as
lows. Themth-neighbor spacing distribution for a rando
sequence is given by

P0~m,s̃!5
s̃ m21

G~m!
exp~2 s̃!. ~5!

Now, for the rankr model, thenth-neighbor distribution
is given by this equation if we choosem5n(r 11) and
renormalize the lengths5 s̃/(r 11) such that its average i
one. In other words,

Pr~n,s!ds5P0„n~r 11!,~r 11!s…d~@r 11#s!; ~6!

so we finally obtain

Pr~n,s!5
~r 11!~r 11!n

G~@r 11#n!
s~r 11!n21 exp@2~r 11!s#. ~7!

The same rescaling argument yields for the asympt
behavior withL@1 of the number variance for rankr model,
S r

2(L);L/(r 11). Using the expression~4.41! of Ref. @9#
for the two-point function, we obtain, for the number va
ance,

( r
2~L !5L1

2L

r 11 (
j 51

r
Wj

~12Wj !
1

2

~r 11!2

3S 2(
j 51

r
Wj

~12Wj !
2 1(

j 51

r
Wj

~12Wj !
2

3exp$@Wj21#~r 11!L% D , ~8!

whereWj5exp@2pij /(r11)# are ther 11 roots of unity. All
sums in this expression are real and the first two can
summed as follows.

FIG. 1. The number varianceS2 for the traveling salesman
problem ~dashed line! compared to the one of the rank-2 dai
model ~solid line!.
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Consider the function P(x)5(xr 1121)/(x21)
5P j 51

r (x2Wj ), with Wj as above, and its logarimic deriva
tives. We note that

S d

dx
ln@P~x!# D U

x51

5
r

2
5(

j51

r
1

12Wj

and

2S d2

dx2 ln@P~x!# D U
x51

52
r 214r

12
5(

j 51

r
1

~12Wj !
2.

Hence, it is possible to write for the first sum,

(
j 51

r
Wj

12Wj
5(

j 51

r
Wj 21

12Wj
1(

j 51

r
1

12Wj
52

r

2
,

and for the second one

(
j 51

r
Wj

~12Wj !
2 5(

j 51

r
Wj21

~12Wj !
2 1(

j 51

r
1

~12Wj !
2

52
r

2
1

2r 214r

12
5

2r ~r 12!

12
. ~9!

We thus obtain

( r
2~L !5

L

r 11
1

r ~r 12!

6~r 11!2 1
2

~r 11!2 (
j 51

r
Wj

~12Wj !
2

3exp$@Wj21#~r 11!L%, ~10!

which corroborates the asymptotic behavior forL@1. In par-
ticular, for r 52, we have

( 2
2~L !5

L

3
1

4

27F12cosS 3A3

2
L D expS 2

9

2
L D G , ~11!

which is depicted by the solid line in Fig. 1.

FIG. 2. The widths i of i th-neighbor spacing distribution of th
traveling salesman problem~crosses! compared to that of the rank-2
daisy model~solid line!.
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If we compare Eqs.~4! and~7! we find that they coincide
for b5r . Thus, we link the inverse temperature in the Co
lomb gas model to the number of discarded elements
rank-r daisy model starting from a random sequence. T
fact that semi-Poisson statistics can be interpreted in
simple way is of interest because the properties of da
models over random sequences are easy to calculate an
cause they may shed some light onto the 1D Coulomb
dynamics.

On the other hand, we may ask if models of rank larg
than 1 are relevant. Some of us pointed out recently@10# that
the statistical distribution of distances between cities alon
quasioptimal path of the traveling salesman problem disp
characteristic features that can be analyzed with the tool
spectral statistics, but cannot be understood in terms of
of the usual random matrix models. In particular, the lon
range behavior of the number varianceS2 and the correla-
tion coefficient between adjacent spacings seem quite inc
patible with band matrices or Porter-Rosenzweig-ty
models@10#. We shall, therefore, investigate whether we o
tain a better agreement with a daisy model.

The data for the traveling salesman problem are obtai
for an ensemble of 500 maps of 500 cities using simula

FIG. 3. The skewness~a! and the kurtosis~b! of the traveling
salesman problem~crosses! compared to those of the rank-2 dais
model ~diamonds!.
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annealing. We first compared it with the pseudo-Poiss
model and found no agreement. But the slope of the num
variance suggests that we should rather compare with
rank 2 daisy model for a random sequence.

In Fig. 1 we compare the number variance with Eq.~11!
for the rank 2 model and we find a remarkable agreemen
we fit the asymptotic of the number varianceS2

2(L) with a
straight line for the interval 2.0<L<9.0 we obtain a slope o
0.35860.001 near to the value1

3. Furthermore, the
i th-neighbor spacing widths i for the rank 2 model is equa
to a rescaled 2i th-neighbor distribution of a Poisson en
semble. In Fig. 2 we compare these widths with the o
obtained for the traveling salesman problem in Ref.@10# and
find similar agreement. For the correlation coefficient in t
rank 2 model we expect zero, which is quite near to the va
0.03660.002 of Ref.@10#. We also compared the propertie
of skewness and kurtosis used commonly to detect prope
of the three- and four-point functions. The results for t
rank 2 model were obtained numerically and the compari
is displayed in Figs. 3~a! and 3~b!. Similarly the nearest-
neighbor spacing distributions are compared in Fig. 4. T
agreement is certainly comparable to the one obtained
pseudointegrable systems with the semi-Poisson statistic

Summarizing, we have shown that semi-Poisson statis
can be obtained from a very simple model without any d
namical implications. This model actually pertains to a fa
ily of models that seem to be relevant in situations where
usual banded matrix models and the Porter-Rosenzw
model are grossly inadequate. We obtain this family by
taining every (r 11)th level of a random sequence. A simila
selection process could be performed for the classical
sembles of Cartan~e.g., the GOE! @12#. Whether this leads to
useful results beyond the two cases mentioned above i
open question.

We would like to thank F. Leyvraz for helpful discus
sions. This project has been supported by DGEP, DGA
IN-112998, UNAM, and CONACYT 25192-E.

FIG. 4. Nearest-neighbor spacing distribution for the travel
salesman problem~dashed line! compared to that of the rank-2
daisy model~solid line!.
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